
J. Non-Newtonian Fluid Mech. 107 (2002) 39–49

Mean field heat transfer scaling for non-Newtonian
stagnant lid convection

C.C. Reesea,∗, V.S. Solomatovb
a Division of Science and Mathematics, University of Minnesota Morris, Morris, MN 56267, USA

b Department of Physics, New Mexico State University, Las Cruces, NM 88003, USA

Received 30 January 2002; received in revised form 9 July 2002

Abstract

Convection with asymptotically large viscosity contrasts occurs in the stagnant lid regime characterized by the
formation of an immobile lid on top of a convective layer. Convection beneath the lid is driven by the rheologi-
cal temperature scale rather than the entire temperature drop across the layer. A boundary layer treatment of the
mean field hydrodynamic equations with infinite Prandtl number, no-slip boundary conditions, and temperature-
and stress-dependent viscosity yields a scaling relationship for the stagnant lid heat flux. When the wavenumber
is chosen such that the heat flux is maximized, the scaling relationship is in reasonable agreement with results of
time-dependent, two-dimensional, convection simulations and boundary layer stability analysis. The best agree-
ment with data occurs for pseudo-steady state, low Rayleigh number convection before the fully time-dependent
asymptotic regime is reached.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

1.1. Stagnant lid convection

Thermal convection of a high Prandtl number fluid layer with temperature- and stress-dependent vis-
cosity occurs in an asymptotic, stagnant lid regime for an effective viscosity contrast across the layer of
≥105. In this regime, the most viscous part of the cold thermal boundary layer is rigid and only a thin
sublayer at the bottom of the stagnant lid participates in convection. Stagnant lid convection was pre-
dicted by Newtonian boundary layer analyses[1,2], observed in laboratory experiments[3], and studied
in numerical simulations[4–7]. Various numerical and experimental data were reconciled by the scaling
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theory of[8]. Recently, the Newtonian boundary layer theories[1,2] were extended to non-Newtonian
viscosity[9].

For Newtonian stagnant lid convection, heat transfer scaling laws obtained from boundary layer anal-
yses[1,2] agree well with numerical simulations of steady convection[4,6]. Likewise, an extension
of the boundary layer approach to the non-Newtonian case[9] showed approximate agreement with
steady-state numerical studies[9,7]. Time-dependent Newtonian and non-Newtonian stagnant lid con-
vection[6,7,10,11]are consistent with scaling relationships suggested by boundary layer stability and
viscous dissipation analyses[8].

The purpose of this study is to suggest a heat transfer scaling for non-Newtonian stagnant lid convection
based on a mean field approach. The advantage of this approximation is that limiting the flow in the
lateral direction to a single spectral mode results in a simplified form of the hydrodynamic equations
while retaining the strongest non-linear effect arising from modification of the horizontally averaged
temperature distribution by the convective heat transfer. Furthermore, the single mode wavenumber which
maximizes the heat transport is determined. The results are compared to previously suggested scalings
and numerical simulations.

1.2. Viscosity

As in previous studies of stagnant lid convection, an exponential viscosity law is considered,

η = bτ 1−n exp(−γ T ), (1)

whereb, n, andγ are constants,τ is the second invariant of the deviatoric stress tensor, andT is the
temperature.

1.3. Non-dimensional parameters

The problem involves two non-dimensional parameters: the log viscosity contrast due to temperature
alone:

θ = ln (�η) = γ �T, (2)

and the Rayleigh number based on the interior temperature

Ra= αρg �T d(n+2)/n

b1/nκ1/n exp(−γ Ti/n)
, (3)

whereα is the thermal expansivity,ρ is the density,g is the gravitational acceleration,�T is the tem-
perature difference across the layer,d is the layer depth,κ is the thermal diffusivity andTi is the interior
temperature. The Nusselt number,Nu, is the average convective heat flux at the top of the lid normalized
to the conductive heat flux across the layer for the same temperature difference.

1.4. Previous heat transfer scaling relationships

All stagnant lid Nusselt number scaling relations are of the form

Nu = Aθ−ζ Raβ. (4)
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Boundary layer analyses[2,9] suggest that for lid thickness variations on the order of the lid thickness
itselfA = 4.33,ζ = 1 andβ = n/(2n+3). For small lid thickness variations[1,9],A = 2.08,ζ = 1+β

andβ = n/(2n + 3). Numerical simulations of stagnant lid convection indicate that while lid thickness
variations are large for Newtonian viscosity[4], the lid is essentially flat for non-Newtonian (n = 3)
viscosity[5].

In the non-Newtonian (n = 3) case, numerical experiments in a 1× 1 box gaveA = 2.8, γ = 0.96,
andβ = 0.29 [9]. The discrepancy with theory may be due to the fact that the small aspect ratio box
imposes artificial constraints on the flow affecting the scaling relationship. It was also observed that high
Rayleigh number solutions became time-dependent. Forced steady state simulations in a 4× 1 box[6]
giveA = 2.1, γ = 1.33, andβ = 0.33 [7] in approximate agreement with flat lid boundary layer theory
[9]. For time-dependent convection, it is found numerically[6,7] that ζ = 1 + β andβ = n/(n + 2)
in good agreement with viscous dissipation scaling theory and boundary layer stability analysis[8]. An
extensive summary of scaling relationship parameters for both steady-state and time-dependent convection
determined by various studies can be found in[7].

2. Equations of convection

2.1. Hydrodynamic equations

In the Boussinesq approximation, the hydrodynamic equations describing Rayleigh Benard convection
in two dimensions are:

∂ui

∂xi
= 0,

ρ

(
∂ui

∂t
+ uj

∂ui

∂xj

)
= − ∂p

∂xi
+ ∂

∂xj
η
∂ui

∂xj
+ ρgαT δi2,

∂T

∂t
+ uj

∂T

∂xj
= κ

∂

∂xj

∂T

∂xj
,

(5)

wherexi = (x, z) are the horizontal and vertical coordinates,ui is velocity,p is deviatoric pressure,T
is temperature, andη is the viscosity. The coordinate origin is taken to be on the lower boundary, i.e.z

increasing upward. To simplify the analysis we consider rigid boundaries. The boundary conditions are:

ui = 0, z = 0, d,

T = T0, z = 0,

T = T1, z = d,

(6)

whereT0 − T1 = �T is the temperature difference across the layer.

2.2. Scaling analysis

The basic features of non-Newtonian stagnant lid convection are similar to those of Newtonian stagnant
lid convection[8]. A linear temperature distribution in the lid results in an exponential growth of the
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viscosity when approaching the surface. As a result, convection only penetrates into the cold lid a small
distance

δ ∼ δ0

θ
, (7)

whereδ0 is the lid thickness. The temperature drop across this thin rheological sublayer is

�Trh ∼ �T

θ
. (8)

Balancing rheological sublayer buoyancy with a shear stress of the same order as the interior shear stress
gives,

ui ∼ κ

d

(
Ra

θ

)n (
δ

d

)2n

. (9)

On the other hand,

urh ∼ κd

δ2
, (10)

implying

ui ∼ κ

d

(
δ

d

)−3

. (11)

Eliminatingδ gives the interior velocity scale

ui ∼ κ

d

(
Ra

θ

)3n/(2n+3)

. (12)

2.3. Non-dimensionalization

According to the previous section, the appropriate interior scales are

z ∼ d, t ∼ d2

κ

(
Ra

θ

)−3n/(2n+3)

, u ∼ κ

d

(
Ra

θ

)3n/(2n+3)

,

T − T0 ∼ �T

θ
, η ∼ b1/ne−γ Ti/n

(u/d)(n−1)/n
, p ∼ b1/ne−γ Ti/n

(u/d)−1/n
.

(13)

The non-dimensionalized hydrodynamicEq. (5)are then[2]:

∂ui

∂xi
= 0,

1

Pr

(
Ra

θ

)−3n/2(2n+3) (
∂ui

∂t
+ uj

∂ui

∂xj

)
= − ∂p

∂xi
+ ∂

∂xj

∂ui

∂xj
+
(

Ra

θ

)2n/(2n+3)

T δi2,

∂T

∂t
+ uj

∂T

∂xj
=
(

Ra

θ

)−3n/(2n+3)
∂

∂xj

∂T

∂xj
,

(14)
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subject to boundary conditions:

ui = 0, z = 0,1,

T = 0, z = 0,

T = −θ, z = 1.

(15)

3. Mean field theory

3.1. Mean field equations

The calculation closely follows that of[12] with much of the notation being the same. Two fields are
defined,

ψ1 = −
(
∂ui

∂t

)2

, ψ2 = −
(
∂T

∂t

)2

, (16)

which are zero in the steady state. When the state(ui, T ) is close to a steady state(u0i , T0), then to first
order inui − u0i andT − T0,∫

dxψ1 = ∂φ1

∂t
,

∫
dxψ2 = ∂φ2

∂t
, (17)

where

φ1 =
∫

dx

[
1

2

(
Ra

θ

)−3n/(2n+3)

Pr

(
∂ui

∂xj

)2

− u0iu0j
∂ui

∂xj
− Pr

(
Ra

θ

)−n/(2n+3)

T0u2

]
, (18)

φ2 =
∫

dx

[
1

2

(
Ra

θ

)−3n/(2n+3) (
∂T

∂xj

)2

− u0jT0
∂T

∂xj

]
.

If, to first order,ui = u0i + δui , T = T0 + δT , φ1 = φ10 + δφ1 andφ2 = φ20 + δφ2, then becauseφ1 and
φ2 are constant in time for the steady state,δφ1 andδφ2 must vanish for allδui andδT . In other words,
the equations:(

δφ1

δui

)∣∣∣∣
0

=
(
δφ2

δT

)∣∣∣∣
0

= 0, (19)

where the expressions are evaluated at the steady state, reduce to the steady state form of the original
hydrodynamicEq. (5). Consider a pattern of convection such that

ux,z =
(

DW

a2

∂f

∂x
,Wf

)
, (20)

and

T = T0 + Ff, (21)
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whereD = d/dz,W ,T0 andF are arbitary functions ofz andt , andf is a periodic function ofx satisfying

∂2f

∂x2
= −a2f, (22)

normalized such that〈f 2〉 = 1 (brackets denote horizontal average) wherea is the wavenumber of the
convection pattern. For the purposes of this work, we also choose〈f 〉 = 〈f 3〉 = 0. Substituting (20) and
(21) in (18) and integrating overx yields,

φ1 = Pr

(
Ra

θ

)−3n/(2n+3)∫
dz

{
1

2

[
2(DW)2+ 1

a2
(D2W)2+a2W 2

]
−
(

Ra

θ

)2n/(2n+3)

F0W

}
, (23)

φ2 =
∫

dz

{
1

2

(
Ra

θ

)−3n/(2n+3) [
a2F 2 + (DT0)

2 + (DF)2
]− T00D(FW0)− F0W0DT0

}
.

Noting thatδT andδui satisfy the boundary conditions, it follows that

δφ1 = a2Pr

(
Ra

θ

)−3n/(2n+3) ∫
dzδW

{
(D2 − a2)2W − a2

(
Ra

θ

)2n/(2n+3)

F0

}
, (24)

δφ2 = −
∫

dz

{
δT0

[(
Ra

θ

)−3n/(2n+3)

D2T0 −D(F0W0)

]

+δF
[(

Ra

θ

)−3n/(2n+3)

(D2 − a2)F −W0DT00

]}
.

Thus,

1

a2Pr

(
Ra

θ

)3n/(2n+3)
δφ1

δW

= (D2 − a2)2W − a2

(
Ra

θ

)2n/(2n+3)

F0 − δφ2

δT0
=
(

Ra

θ

)−3n/(2n+3)

D2T0 −D(F0W0)− δφ2

δF

=
(

Ra

θ

)−3n/(2n+3)

(D2 − a2)F −W0DT00. (25)

The left hand sides vanish in the steady stateW = W0, T0 = T00 andF = F0. Thus, dropping the
subscript, the equations of steady convection in the actively convecting interior are(

Ra

θ

)−3n/(2n+3)

D2T0 = D(FW), (26)

(
Ra

θ

)−3n/(2n+3)

(D2 − a2)F = WDT0, (27)

(D2 − a2)2W = a2

(
Ra

θ

)2n/(2n+3)

F, (28)
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subject to

W = DW = F = 0, z = 0,1,

T0 = 0, z = 0,

T0 = −θ, z = 1.

(29)

Integrating (26)

DT0 =
(

Ra

θ

)3n/(2n+3)

FW− Nuθ, (30)

where in the steady state,Nu = −θ−1DT0|0,1. Integrating (30) over the actively convecting layer and
eliminatingF using (28),

θNu ∼ 1 + a−2

(
Ra

θ

)n/(2n+3) ∫ 1

0
W(D2 − a2)Wdz. (31)

EliminatingF andT0 from (27) using (28) and (30),

δ4
p(D

2 − a2)3W = W

[
W(D2 − a2)2W − a2Nuθ

(
Ra

θ

)−n/(2n+3)
]
. (32)

Finally, eliminatingNu from (31) using (32),∫ 1

0

1

W
(D2 − a2)3W ∼ −a2

(
Ra

θ

)5n/(2n+3)

. (33)

3.2. Boundary layer analysis

In the boundary layer limit[13], Ra→ ∞, (32) implies

W(D2 − a2)2W = a2Nuθ

(
Ra

θ

)−n/(2n+3)

, (34)

for the mainstream. IfaW< DW asz → 1 − δ0, then the solution of (34) which satisfiesW = DW = 0
at the bottom of the lid is

W ∼
(
a2Nuθ

(
Ra

θ

)−n/(2n+3)
)1/2

(1 − δ0 − z)2
[

ln

(
1

1 − δ0 − z

)]1/2

. (35)

Introducing a rheological boundary layer variable atz = 1 − δ0,

η = 1 − δ0 − z

δ
,

d

dz
= −1

δ

d

dη
, (36)

implies

W ∼
(
a2Nuθ

(
Ra

θ

)−n/(2n+3)
)1/2

δ2

[
ln

(
1

δ

)]1/2 [
η2 − η2 logη

2 log(1/δ)
+ · · ·

]
, (37)
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with higher order log–log terms. On the other hand, in the mainstream,D ∼ 1 and ifa is large, the interior
velocity scale,

W ∼
(

Nuθ

a2

(
Ra

θ

)−n/(2n+3)
)1/2

. (38)

Thus, matching the interior solution to (35) requires a layer beneath the rheological boundary layer where
D ∼ a.

From (37), the contribution from the boundary layer to the integral in (33) is

δ−5

[
log

(
1

δ

)]−1

.

In the layer whereD ∼ a, the contribution to the integral is∼a5 which is negligible compared to the
boundary layer contribution as it was assumed thataW < DW ∼ W/δ in the boundary layer. In the
remainder of the interior flow,D ∼ 1 and the contribution to the integral is−a6. Thus, (33) becomes,

1

δ5 log(1/δ)
+ a6 ∼ a2Ra

θ
δ5n/(2n+3). (39)

If

a ∼
(

Ra

θ

)5n/4(2n+3)

, (40)

then

δ ∼
(

Ra

θ

)−3n/2(2n+3) [
log

(
Ra

θ

)]−1/5

. (41)

SubstitutingW in (32),

Nu ∼ a−2Ra−1

(
Ra

θ

)−3(n−1)/(2n+3)

δ−6

[
log

(
1

δ

)]−1

. (42)

Finally, substituting forδ anda yields the Nusselt number scaling relationship,

Nu ∼ θ−1

(
Ra

θ

)3n/2(2n+3) [
log

(
Ra

θ

)]1/5

. (43)

4. Numerical experiments

Stagnant lid, convective heat transfer was studied in a large aspect ratio box[6] for a viscosity law of
the form,

η = b

τn−1
exp(−γT T + γzz). (44)

Based on systematic numerical experiments the authors identified a low Rayleigh number, steady state
regime characterized by large scale, stationary convection[1,2,9] and a high Rayleigh number,
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time-dependent regime characterized by development of convective instabilities at the base of the lid
[8]. A direct comparison with mean field theory can be made for the purely temperature-dependent
viscosity cases (γz = 0).

In the time-dependent case, the data can be fit with a scaling relationship suggested by stability analysis
[8,7],

Nu = (0.31+ 0.22n)θ−2(n+1)/(n+2)Ran/(n+2)
i , (45)

whereRai is defined in terms of the temperature at the lid base. For the mean field theory, a one-parameter
fit for the scaling coefficient gives,

Nu = (0.16+ 0.43n)θ−(7n+6)/(2(2n+3))Ra3n/(2(2n+3))
i

[
log

(
Rai

θ

)]1/5

. (46)

These results are compared inFig. 1. The Nusselt number rms misfits are 0.36 and 0.44 (n = 1) and 0.33
and 0.13 (n = 3) for (47) and (48), respectively.

Fig. 1. The time-dependent Nusselt number calculated using the fitting formula (model) vs. the numerical data (data) for
Newtonian viscosity. Open squares correspond to boundary layer stability analysis (47) and black circles to the mean field result
for the wavenumber that maximizes the heat transfer (48).
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Fig. 2. Stagnant lid convection Nusselt number contours inRai–θ space. The thin solid lines areNu = [3,10,30] contours.
The thick solid line is the stability curve[8]. For Newtonian viscosity, the thick dashed line is the location of the transition to
time-dependent convection[6]. For non-Newtonian viscosity, steady convection occurs only in a narrow parameter range and
the transition to time-dependence is not well constrained.

5. Discussion and conclusions

The results are summarized inFig. 2 which shows Nusselt number contours in terms of the interior
Rayleigh number and viscosity contrast. In both cases, the thick solid line is approximately the stagnant
lid convection stability curve[8]. In the Newtonian case, the thick dashed line indicates the approximate
location of the transition to time-dependent convection[6]. In the non-Newtonian case, this transition is
not well constrained.

It should be mentioned that while the analysis presented here strictly applies to convection rolls, squares,
or rectangles, the method is generalizable to other planforms[12]. Data for stagnant lid convective
heat transfer in three-dimensional Cartesian boxes is limited[11]. Whether free slip or mixed boundary
conditions can be analyzed requires further study. However, stagnant lid heat transfer is insensitive to
the upper boundary condition and the lower boundary condition can only change the coefficient in the
Nu–Rarelationship but not the scaling exponents.

The results are most applicable to low Rayleigh number, pseudo-steady state convection (Fig. 1). Al-
though the mean fieldNu–Rarelationship approximately fits the higher Rayleigh number data, convection
in this regime is characterized by different dynamics[7]. Whether this has some physical meaning or
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is just a coincidence is an open question. More data may help to answer this question. This situation is
similar to the Newtonian, constant viscosity case where[14] note an excellent fit of the mean field result
[12,13] to experimental data on heat transport by turbulent convection of cryogenic helium gas over a
wide range of Rayleigh numbers[15]. It should also be mentioned that studies of constant viscosity mean
field convection suggest that singlea solution are unstable at high Rayleigh numbers and that multiplea

solution are preferred[16].
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