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Stagnant lid convection in a spherical shell
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Abstract

A compelling explanation for the observed lack of mobile surface plates on the terrestrial planets is that the strong
temperature dependence of silicate rheology leads to a quasi-rigid stagnant lid at the cool surface of the convecting planetary
mantle. We investigate such stagnant lid convection in an internally heated spherical shell. For the parameter range we
study, convection beneath the lid is steady in time and characterized by cylindrical upwellings surrounded by cold sheet-like

Ž � 4.downwellings that exhibit dodecahedronal ls6, ms 0,5 symmetry. The scaling relationship we obtain for the heat flux
is very similar to results from two-dimensional numerical experiments and asymptotic boundary layer analyses. It seems that
the predictions of two-dimensional models, in particular, low heat transport efficiency and extensive melting, also apply in
fully three-dimensional spherical geometry. q 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

Mobile lithospheric plates that themselves partici-
pate in convective mantle circulation seem to be
unique to the Earth. By contrast, the tectonic styles
of the other terrestrial planets appear to reflect the
stagnant lid regime of mantle convection in which
the cold upper thermal boundary layer becomes stiff

Žand immobile because of its high viscosity Nataf
and Richter, 1982; Morris and Canright, 1984;
Fowler, 1985; Davaille and Jaupart, 1993; Soloma-
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.tov and Moresi, 1996 . Thermal convection with
Ž 3.relatively mild ;10 temperature induced viscos-

ity variation has been investigated numerically in
Žthree-dimensional Cartesian Christensen and Harder,
.1991; Tackley, 1993, 1996 and spherical shell

Ž .Ratcliff et al., 1995, 1996b geometries. The stag-
nant lid regime, which occurs at viscosity contrasts

4 Ž .of about 10 Solomatov, 1995 , was reached in
three-dimensional simulations by Ogawa et al.
Ž . Ž .1991 , Trompert and Hansen 1998 and Ratcliff et

Ž .al. 1996a; 1997 .
One of the implications of stagnant lid convection

is its extremely low efficiency of heat transfer to the
Ž .surface Schubert et al., 1997; Reese et al., 1998 .

While spherical geometry is most appropriate for the
mantles of terrestrial planets, existing parameteriza-
tions of stagnant lid heat flux are limited by the
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assumption of Cartesian geometry. We investigate
stagnant lid mantle convection with strongly temper-
ature dependent viscosity in a spherical shell with

Žpurely internal heating the primary mode of heating
.in planetary mantles and compare scaling relations

for the heat transfer with the results from two-dimen-
sional parameterizations.

2. Parameters

The viscosity of rocks has an Arrhenius tempera-
ture dependence which for diffusion creep can be

Ž .written as Karato and Wu, 1993 :

Q
hsb exp 1Ž .ž /RT

where b is a constant, Q is the activation enthalpy,
R is the gas constant, and T is the temperature. For
the purposes of this study, we make the Frank–
Kamenetskii approximation:

hsbX exp yg T , 2Ž . Ž .
where bX and g are constants that depend on the
temperature of the isothermal interior,

gsQrRT 2 . 3Ž .i

The nature of this approximation is that at large
viscosity contrasts, dynamically important processes
only occur in the approximately isothermal interior.

Ž . Ž .The large differences between Eqs. 1 and 2 near
the surface of the lid are unimportant for the heat
transfer.

The problem is specified in terms of two parame-
ters: the rheological gradient:

gsydlnhrdT , 4Ž .
and the surface Rayleigh number:

ar 2 gHd5

Ra s , 5Ž .XH ,0 kk b exp yg TŽ .s

where T is the surface temperature, a is the coeffi-s

cient of thermal expansion, r is the density, g is the
gravitational acceleration, H is the internal heating
rate, dsr yr is the shell thickness, kskrrc ist b p

the thermal diffusivity, k is the thermal conductivity,
c is the specific heat capacity at constant pressure.p

The internal temperature T , defined as the meani

temperature at the inner boundary of the spherical
shell, is determined by numerical experiment.

The Nusselt number for internal heating is ex-
pressed as the ratio of the conductive temperature
contrast across the shell to the actual temperature
contrast across the shell:

rHr 2 1y3r 2rr 2 q2 r 3rr 3Ž .t b t b t
Nus . 6Ž .

6k T yTŽ .i s

The Frank–Kamenetskii parameter based on the
heating rate:

rHr 2 1y3r 2rr 2 q2 r 3rr 3Ž .t b t b t
us g . 7Ž .

6k

The physical significance of u is made clear by the
expression for the viscosity contrast across the shell

Dhsexp urNu . 8Ž . Ž .

3. Numerical simulations

For our study of thermal convection in a spherical
shell, we choose free slip boundary conditions and
an inner to outer radius ratio r rr s0.55 which isb t

characteristic of the mantles of the terrestrial planets.
Ž .The numerical code TERRA Baumgardner, 1985
Ž .modified for variable viscosity Yang, 1997 utilizes

a computational mesh based on the regular icosahe-
dron which yields an almost uniform discretization

Ž .of the sphere Baumgardner and Fredrickson, 1985 .
A convergence test for Ra s2.5=103, us8.2H ,0

Ž .gives Nus 2.905, 2.894, 2.884 for the number of
radial layers 8, 16 and 32, respectively. The asymp-
totic extrapolated value is about Nus2.863 so the
16 radial layer grid gives an accuracy of ;1%.

Six steady state cases were run on a 16 radial
Ž .layer mesh Table 1 . Convection beneath the lid is

Table 1
Numerical results

5 a 5Ž . Ž .Ra u Nu Ra =10 Dh =10H ,0 H , i

3 14 1.20 3.51 1.17
10 14 1.31 4.40 0.44
30 14 1.42 5.70 0.19
0.3 17.5 1.20 6.48 21.6
1 17.5 1.28 8.66 8.66
3 17.5 1.36 11.6 3.88

aRa s Ra Dh.H , i H ,0
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Fig. 1. Pattern of convection for the case Ra s10, u s14.H ,0
Ž . Ž .Equatorial top and mid-depth equal area projection bottom of

the temperature field. Blue represents cold fluid and red represents
Žhot fluid. The coldest portion of the shell blue–light blue in the

.top figure is stagnant and does not participate in convection.

characterized by quasi-cylindrical upwellings sur-
rounded by cold sheet-like downwellings. The hori-
zontal planform of the flow has Y 5 and Y 0 compo-6 6

nents where Y m is the spherical harmonic of degreel
Ž .l and order m Fig. 1 .

4. Asymptotic heat flux scaling

Of particular importance for mantle dynamics and
evolution is the relationship between the surface heat
flux and the interior temperature. In this section, we
develop a model for the low Nusselt number mantle
heat flux and fit the model parameters using the
numerical data. This expression is then extrapolated
to the asymptotic thin lid case which is more appli-
cable to the mantles of the terrestrial planets.

For spherical shell geometry, the heat flux:

1
3 3Fs rHr 1yr rr , 9Ž .Ž .t b t3

which can be written in terms of the Nusselt number
Ž .6 :

k T yT 2 1yr 3rr 3 1yr rrŽ . Ž .Ž .i s b t b t
Fs Nu.2 2 3 3d 1y3r rr q2 r rrŽ .b t b t

10Ž .

In the numerical simulations, the lid thickness is
Ž .approximately 1r4 of the shell thickness Fig. 2 . To

take into account the fact that heat producing ele-
ments in the stagnant lid do not drive convection in

Fig. 2. The radial distribution of horizontally averaged velocity
Ž . Ž . Ž . Ž .and temperature for the cases Ra ,u s 3,14 , 10,14 , 30,14 ,H ,0

Ž . Ž . Ž .0.3,17.5 , 1,17.5 , 3,17.5 sa,b,c,d,e,f. The base of the stagnant
Ž .lid horizontal line is defined by the interior velocity gradient.

This definition gives a f3.7"0.6. The velocity and temperaturerh

scales are krd and rHd2rk, respectively.
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the mantle, we write the effective heat flux beneath
the lid as:

1
3 3F s rHr 1yr rr . 11Ž .Ž .eff l b l3

Additionally, we assume that convection beneath the
lid is similar to constant viscosity convection with an

y1 Žeffective driving temperature g Grasset and Par-
.mentier, 1998; Reese et al., 1999 :

by1 y1 3kg ar gg deff
F sa , 12Ž .Xeff ž /d bk exp yg TŽ .eff i

where a and b are constants and:

d sr yr 13Ž .eff l b

where r is the radial distance to the bottom of thel

lid.
The temperature at the base of the lid can be

found from the conductive temperature profile in the
lid:

rH F r 2 rHr 3
eff l l2 2T sT q r yr q yŽ .L s t l ž /6k k 3k

=
1 1

y . 14Ž .ž /r rl t

If the stagnant lid is taken to be the cold thermal
boundary layer, then T sT . A more accurate scal-i L

ing is obtained if it is recognized that the actual lid
does not include the rheological boundary layer.
With this correction, the interior temperature T sTi L

qa gy1 where a is a numerical coefficientrh rh
Ž .Grasset and Parmentier, 1998; Reese et al., 1999 .

Ž . Ž .Substituting Eq. 11 in Eq. 12 and using the
definitions of d and Ra yields the fitting for-eff H ,0

mula:

1y3b 5b3 31r3r 1yr rr r yr r yrŽ . Ž .Ž .l b l l b l b

1qb2 2 2 3 31r6r 1y3r rr q2 r rrŽ .t b t b t

sauyŽ1 qb .Ra b exp ubrNu . 15Ž . Ž .H ,0

The radial distance to the lid bottom r is foundl
Ž .from Eq. 14 :

3 y1 y1 2 2 2 3 3r q Nu ya u r 1y3r rr q2 r rrŽ . Ž .l rh t b t b t

2 3 3 3yr 1q2 r rr r q2 r s0. 16Ž .Ž .t b t l b

A full inversion for all three parameters yields
as2.8"1.7, bs0.21"0.06, and a s6.5"4.6.rh

ŽThe errors were bootstrapped Efron and Tibshirani,
.1986 and correspond to a 68% confidence interval.

Due to the insensitivity of the model to the value of
a the radial distribution of interior horizontallyrh

Ž .averaged velocity gradient Fig. 2 was used to better
constrain this parameter: a f3.7"0.6. This isrh

similar to the definition of Davaille and Jaupart
Ž .1993 who constrain the lid thickness with the
convective heat flow distribution. The discrepancy
between this value for a and previous estimatesrh
ŽDavaille and Jaupart, 1993, 1994; Grasset and Par-

.mentier, 1998; Reese et al., 1999 may be due to
resolution error, definition of the stagnant lid, or
might represent a fundamental difference between
convection in Cartesian and spherical shell geome-
tries. In any case, variations in a do not have arh

large effect on the heat flux. The value obtained for
b is very close to the theoretical value of 1r5
Ž .Morris and Canright, 1984; Fowler, 1985 . Fixing
bs0.2 and a s3.7 yields as2.51"0.05 withrh

Ž .95% confidence interval error bounds Fig. 3 .
These values for the model parameters complete

the solution for the mantle heat flux in the low
Nusselt number regime. To compare the results with
two-dimensional square box calculations, we define

Fig. 3. The results of the fit for the Nusselt number. The values
calculated using the fitting formula are plotted vs. the numerical
data.



( )C.C. Reese et al.rPhysics of the Earth and Planetary Interiors 116 1999 1–7 5

Fig. 4. The interior temperature of Mars as a function of the
Žsurface heat flux for two-dimensional Moresi and Solomatov,

. Ž Ž ..1995 and spherical shell Eq. 17 parameterizations. The rheo-
logical parameters correspond to dry olivine in diffusion creep
Ž .see Table 2 .

a Nusselt number in terms of the total energy pro-
duction in the shell:

Fd rHdr 1yr 3rr 3Ž .t b tXNu s s . 17Ž .
k T yT 3k T yTŽ . Ž .i s i s

Ž . Ž .In the plane layer limit r yr rr ™0, Eq. 17 ist b b
Žequivalent to previous definitions Grasset and Par-
.mentier, 1998; Reese et al., 1999 and is physically

similar for all heating modes. In the asymptotic limit
Ž .d ™d and F fF the best fit model parameterseff eff

Ž .and Eq. 12 give:

NuX f2.51u
Xy1.2Ra0.2 , 18Ž .i

where u
X and Ra are the Frank–Kamenetskii pa-i

rameter and Rayleigh number based on the internal
temperature:

u
X sg T yT , 19Ž . Ž .i s

ar g T yT d3Ž .i s
Ra s 20Ž .i

khi

X Ž .and h sb exp yg T is the internal viscosity. It isi i

worth noting that due to limited data and low resolu-
tion we are unable to eliminate the possibility of an

X Xy1 Ž .alternative scaling Nu ;u Fowler, 1985 . In

fact, it turns out that two-dimensional square box
Ž .calculations Moresi and Solomatov, 1995 give:

NuX f1.89u
Xy1.02Ra0.2 . 21Ž .i

5. Discussion and conclusions

Ž Ž ..The scaling Eq. 18 can be dimensionalized
with physical values appropriate for the terrestrial
planets. Fig. 4 shows such a calculation for Mars
Ž .Table 2 with a mantle rheology corresponding to

Ž .dry olivine in diffusion creep Karato and Wu, 1993 :
m

m h Q
h s exp , 22Ž .i ž / ž /A B RTi

where A is the preexponential factor, m is the shear
modulus, h is the grain size, B is the Burgers vector,
m is the grain size exponent and QsEqpV where
E is the activation energy, V is the activation vol-
ume, and p is the pressure.

It should be emphasized that in the stagnant lid
regime the asymptotic scaling relationship between
the heat flux and interior temperature is approxi-
mately independent of heating mode. This is evident

Ž .from scaling theory Solomatov, 1995 and from
comparison of two-dimensional numerical results for

Žstagnant lid convection with bottom Dumoulin et
. Žal., 1999 and internal heating Grasset and Parmen-

Table 2
Mars parameters

Parameter Notation Value

Layer depth d 1663 km
Thermal conductivity k 4 Wrm K

y5 y1Thermal expansivity a 2=10 K
y3Density r 3470 kg m

y2Gravity g 3.7 m s
y7 2 y1Thermal diffusivity k 9.6=10 m s

Surface temperature T 220 Ks
15 y1Preexponential factor A 8.7=10 s

Shear modulus m 80 GPa
Grain size h 1.0 mm
Burgers vector B 0.5 nm
Grain size exponent m 2.5

a y1Activation energy E 300 kJ mol
y1Activation volume V 6 kJ mol

a Enthalpy is constant and calculated at 3.1 GPa.
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.tier, 1998; Reese et al., 1999 . The only dynamical
difference is the existence of a thin bottom thermal
boundary layer in the case of bottom heating and a
somewhat different flow pattern.

The results of this study suggest that the stagnant
lid heat flux scaling is also similar for spherical shell
and two-dimensional Cartesian geometries. The Nu–

Ž Ž ..Ra relation Eq. 18 agrees well with scalings
Žbased on asymptotic boundary layer theories Morris

.and Canright, 1984; Fowler, 1985 and bottom heated
Žtwo-dimensional numerical simulations Moresi and

.Solomatov, 1995 . In particular, it predicts almost
the same mantle temperatures and supports the con-
clusion that the efficiency of heat transfer is very

Ž .low in the stagnant lid regime Fig. 4 . In the
absence of lid remobilization, this would result in
widespread melting of planetary interiors, extensive
volcanism and differentiation of radiogenic elements
Ž .Reese et al., 1998, 1999 .

It is worth noting that two-dimensional numerical
experiments indicate that the time dependent, stag-
nant lid convective heat flux scales differently from

Žthat of the steady state regime Dumoulin et al.,
.1999; Reese et al., 1999 . The good agreement be-

tween two and three-dimensional results for the
steady state cases considered in this work suggests
that scalings based on two-dimensional time depen-
dent stagnant lid calculations may also apply in
spherical geometry. This can be tested by future
studies.

Acknowledgements

The authors wish to thank P. Tackley and U.
Christensen for constructive reviews which greatly
benefited the paper. This work was supported by the
NASA grant NAG5-6897, Alfred P. Sloan Founda-
tion and New Mexico Universities Collaborative Re-
search Program.

References

Baumgardner, J.R., 1985. Three dimensional treatment of convec-
tive flow in the Earth’s mantle. J. Stat. Phys. 39, 501–511.

Baumgardner, J.R., Fredrickson, P.O., 1985. Icosahedral dis-
cretization of the two sphere. SIAM J. Numer. Anal. 22,
1107–1115.

Christensen, U., Harder, H., 1991. 3-D convection with variable
viscosity. Geophys. J. Int. 104, 213–226.

Davaille, A., Jaupart, C., 1993. Transient high Rayleigh number
thermal convection with large viscosity variations. J. Fluid
Mech. 253, 141–166.

Davaille, A., Jaupart, C., 1994. Onset of thermal convection in
fluids with temperature-dependent viscosity: application to the
oceanic mantle. J. Geophys. Res. 99, 19853–19866.

Dumoulin, C., Doin, M.-P., Fleitout, L., 1999. Convective models
for Newtonian and non-Newtonian rheologies with tempera-
ture and pressure dependent viscosity. J. Geophys. Res., in
press.

Efron, B., Tibshirani, R., 1986. Bootstrap methods for standard
errors, confidence intervals, and other measures of statistical
accuracy. J. Stat. Sci. 1, 54–77.

Fowler, A.C., 1985. Fast thermoviscous convection. Stud. Appl.
Math. 72, 1–34.

Grasset, O., Parmentier, E.M., 1998. Thermal convection in a
volumetrically heated, infinite Prandtl number fluid with
strongly temperature dependent viscosity: implications for
planetary evolution. J. Geophys. Res. 103, 18171–18181.

Karato, S.-I., Wu, P., 1993. Rheology of the upper mantle: a
synthesis. Science 260, 771–778.

Moresi, L.-N., Solomatov, V.S., 1995. Numerical investigation of
2D convection with extremely large viscosity variations. Phys.
Fluids 7, 2154–2162.

Morris, S., Canright, D., 1984. A boundary layer analysis of
Benard convection in a fluid of strongly temperature depen-´
dent viscosity. Phys. Earth Planet. Inter. 36, 355–373.

Nataf, H.C., Richter, F.M., 1982. Convection experiments in
fluids with highly temperature dependent viscosity and the
thermal evolution of the planets. Phys. Earth Planet. Inter. 29,
320–329.

Ogawa, M., Schubert, G., Zebib, A., 1991. Numerical simulations
of three dimensional thermal convection in a fluid with strongly
temperature dependent viscosity. J. Fluid Mech. 233, 299–328.

Ratcliff, J.T., Schubert, G., Zebib, A., 1995. Three dimensional
variable viscosity convection of an infinite Prandtl number
Boussinesq fluid in a spherical shell. Geophys. Res. Lett. 22,
2227–2230.

Ratcliff, J.T., Schubert, G., Zebib, A., 1996a. Effects of tempera-
ture dependent viscosity on thermal convection in a spherical
shell. Physica D 97, 242–252.

Ratcliff, J.T., Schubert, G., Zebib, A., 1996b. Steady tetrahedral
and cubic patterns of convection with temperature dependent
viscosity. J. Geophys. Res. 101, 25473–25484.

Ratcliff, J.T., Tackley, P.J., Schubert, G., Zebib, A., 1997. Transi-
tions in thermal convection with strongly variable viscosity.
Phys. Earth Planet. Inter. 102, 201–212.

Reese, C.C., Solomatov, V.S., Moresi, L.-N., 1998. Heat transport
efficiency for stagnant lid convection with dislocation viscos-
ity: application to Venus and Mars. J. Geophys. Res. 103,
13643–13658.

Reese, C.C., Solomatov, V.S., Moresi, L.-N., 1999. Non-Newto-



( )C.C. Reese et al.rPhysics of the Earth and Planetary Interiors 116 1999 1–7 7

nian stagnant lid convection and magmatic resurfacing on
Venus. Icarus 139, 67–80.

Schubert, G., Solomatov, V.S., Tackley, P.J., Turcotte, D.L.,
1997. Mantle convection and the thermal evolution of Venus.

Ž .In: Bougher, S.W., Hunten, D.M., Phillips, R.J. Eds. , Venus
II — Geology, Geophysics, Atmosphere, and Solar Wind
Environment. Univ. of Arizona Press, Tucson, AZ, pp. 1245–
1287.

Solomatov, V.S., 1995. Scaling of temperature and stress depen-
dent viscosity convection. Phys. Fluids 7, 266–274.

Solomatov, V.S., Moresi, L.-N., 1996. Stagnant lid convection on
Venus. J. Geophys. Res. 101, 4737–4753.

Tackley, P.J., 1993. Effects of strongly temperature dependent
viscosity on time dependent, three dimensional models of
mantle convection. Geophys. Res. Lett. 20, 2187–2190.

Tackley, P.J., 1996. Effects of strongly temperature dependent
viscosity on three dimensional compressible convection in
planetary mantles. J. Geophys. Res. 101, 3311–3332.

Trompert, R.A., Hansen, U., 1998. On the Rayleigh number
dependence of convection with a strongly temperature depen-
dent viscosity. Phys. Fluids 10, 351–360.

Yang, W.-S., 1997. Variable viscosity thermal convection at
infinite Prandtl number in a thick spherical shell. PhD Thesis,
Univ. of Illinois at Urbana-Champaign.


