HTML AESTRACT * LINKEES

PHYSICS OF FLUIDS VOLUME 16, NUMBER 4 APRIL 2004

Plume formation in strongly temperature-dependent viscosity fluids
over a very hot surface
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Plume formation in a strongly temperature-dependent viscosity fluid placed on a very hot surface
involves an intermediate step—small-scale convection in the thermal boundary layer. We perform
numerical simulations and suggest a simple analysis of this process using the stagnant lid convection
theory and Canright and Morris’ theory of Rayleigh—Taylor instability of two layers with different
viscosities. We show that plume formation can approximately be predicted from the requirement
that the growth of the large-scale instability becomes faster than the growth of the convecting
thermal boundary layer. @004 American Institute of Physic§DOI: 10.1063/1.1648638

I. INTRODUCTION V.u=0, (]

Plumes are important features of mantle dynamics onthe  g— _yp4+ 4pgTn+V- [w(Vu+{Vu}h], )
Earth and other planets. They are thought to be responsible
for volcanic “hotspots” such as Hawaii and Yellowstone and ~ JT 2
for gigantic flood basalt events in the past history of the EJFU'VT:V T, )
Earth!=3They also remove heat from the Earth’s interior and
provide an efficient cooling of the core which is required for
the generation of the magnetic fiéldhey might play a sig-
nificant role in global climate and mass extinctions.

whereu is the velocity vectorT is the temperature is the
pressure perturbationsg; is the thermal expansiomy is the
acceleration due to gravity, is a unit vector in the direction

Although plume dynamics has been extensively studie®’ 9ravity, k=k/pc, is the coefficient of thermal diffusiom
in various regimes including high Rayleigh numbers and> the _;ﬂentsny,k 'f tr;e thermal .cotrrl]duc.tlwtyc_? Is the ?gat
variable viscosit§ it is not well understood at very large CaPaclty at constant pressuje,s the Vviscosity, and }" is

viscosity contrasts which is relevant to the Earth’s mantle.the transt_p(ﬁe ogeratc;r:[ The V|?co§|ty is assumed to be an
Plumes presumably form as a result of instabilities of thetXPonential function of temperature-
thermal boundary layer at the base of the mantle. Atempera-  u= uyexp(—yT), (4)
ture contrast of 1000—2000 K across the thermal boundar

layert?*3and a strong dependence of the mantle viscosity o
temperatur¥ suggest that the viscosity contrast across thiﬁength scalet,= H?/x as the time scale, antlT =T, — T, as
0— ) —Ip— 1o

boundary layer is larger than 10it was observed that at the temperature scale. The two nondimensional parameters
such high viscosity contrasts, plume formation involves an b ! : P
re the Rayleigh number

intermediate step—small-scale convection in the thermaf'
boundary layet®18 Previous investigators only reached the apogATH?S

critical viscosity when small-scale convection appears but Rao:x—,uo’ ®)
did not investigate this regime. The first stage of plume for- ) _ )

mation, small-scale convection in the thermal boundaryVhereu is the viscosity aff =Ty, and the parameter
layer, was systematically investigated by Solomatov and g— yAT (6)

Moresi!® The goal of this study is to understand the second ) ) )
stage, large-scale instability. which determines the total viscosity contrast @jpacross

the layer.
Il MODEL Tq initiate small-scale convection small sinusoidal per-
turbations are added at the very bottom of the layer. Small-
We consider an idealized two-dimensional bbix< L scale convection is not sensitive to the exact perturbation
with the initial temperaturel,=0. This box is subject to function because the cell size is self-regulated and increases
instantaneous heating from below caused by a sudden imturing the growth of the convective boundary lajer.

herey is a constant.
To nondimensionalize the problem, we choétas the

crease of the bottom temperature frdjto T,>T, at time Once developed, small-scale convection generates per-
t=0. The horizontal and vertical boundaries are free-slipturbations which, theoretically, can cause large-scale instabil-
The side boundaries are thermally insulated. ity and produce a plume. However, at the Rayleigh humbers

Convection in a cell with a fixed temperature differencethat we can reach the growth rate of these, very short wave-
AT between the boundaries and with free-slip boundary conlength perturbations is so small that the convective boundary
ditions is described by the following equations: layer propagates through the entire layer without producing
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plumes. Thus, to initiate the large-scale instability, we need

to impose large-scale perturbations. An obvious choice

would be to use random perturbations and determine the fast-
est growing mode. However, as we explain later, there is a
broad range of wavelengths at which the growth rate is ap-
proximately constant. Instead of one fastest growing mode
there is a range of modes growing at about the same rate.
Under such conditions, the results would be difficult to ana-

lyze. Therefore, we systematically investigate the depen-
dence of the growth rate on the wavelength using single
mode temperature perturbations:

5T(x,2)=ecog 2mx/\)sin w(1—2)], (7

where e=0.001 is the amplitude of the perturbation axd
=2L is the wavelength.

IIl. NUMERICAL SIMULATIONS

The numerical simulations are performed using the finite
element codecitcom.?° The viscosity contrast is exg)
=10°. Two values of the Rayleigh number Rare consid-
ered: 3x10° and 10. These values are sufficiently high to
ensure that the instability occurs when the thickness of the
convecting thermal boundary layer is substantially smaller
than the thickness of the entire layetherwise we would get
a different regime in which small-scale convection propa-
gates through the entire layer without generating a pjume
On the other hand, these values are low enough to obtain
accurate solutions with 128 finite elements in the vertical
direction.

The aspect ratio of the numerical domain varies from
0.5x1 to 321 (the number of finite elements varies from
64x128 to 4096128, respectively This corresponds ta
from 1 to 64. All cases studied are in the regime in which the
characteristic length scale of small-scale convection is much
smaller than the length scale of large-scale instabilities. Fig-
ure 1 shows an example of plume formation in&1lbox
for Ra,=10*. This example clearly shows the development
of small-scale convection in the thermal boundary layer fol-
lowed by plume formation as a result of large-scale instabilFIG. 1. A sequence of snapshots showing plume formation at large viscosity
ity of the thermal boundary layer. Other cases are very simj€ontrasts in a &1 box and Rg=10" (time increases downward
lar and are not showtbesides, cases with large aspect ratios
are difficult to visualize

For the purpose of constraining the onset of plume for-
mation, the simulations need to be run only long enough tQyt T a5 long as it remains within the sharp thermal front just
reach the initial stage of plume formation. To do so we trace%bove the convective thermal boundary layer.
the heightd, and the growth ratel; of the convective ther-

We also calculated the growth of the large-scale instabil-

T=T,. The value ofT| can be chosen as the isothelim

—1-3.76-1~0.73 defining the boundary of the actively age separation between the average left half and the average

convecting region ¢~ 1 is the scale for the typical tempera- right half positions of the interface. This definition is chosen

ture variations in the convective region and the coefficienf® Minimize the effect of fluctuationghe difference in the

3.7 is estimated numerically and experimentally in previoug?0sitions of the boundary points of the interface turns out to
studie$®). However, the fluctuations in the position of this b€ a less robust definition because of the fluctuations in the

isotherm are substantial because of the time-dependent ch&envective boundary layerThe growth rate of the instabil-
acter of small-scale convection. We chodse=0.6 instead ity is defined asv. Temporal variations ofi; andw for 1x1
and notice that the results are not very sensitive to the valubox are shown in Fig. 2.
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FIG. 4. Interpretation of the large-scale instability in terms of Rayleigh—
FIG. 2. Thicknessd;, of the thermal boundary laygdashed lingand the  Taylor instability.
amplitude,w, of the large-scale instabilitysolid line) for the 1X1 case at
Ra,=10". The abrupt increase in the growth rate of the thermal boundary
layer is caused by the onset of small-scale convection.
B. Large-scale instability of the thermal boundary

layer
The thermally induced density contrast between the con-
IV. ANALYSIS OF THE NUMERICAL RESULTS VeCting bOUndary layer and the layer above it is the driVing
_ force for the large-scale instability of the whole system. It
A. Growth of the convective boundary layer occurs simultaneously with the growth of the convecting

After the onset of small-scale convection, both the bot-Poundary layer. This process is similar to the Rayleigh—
tom heat flux and the growth rate of the convective boundaryfaylor instability in chemically and rheologically stratified
layer remain approximately constaffiig. 2—in agreement layers.

with stagnant lid convection theofy: To interpret the large-scale instability in terms of
Rayleigh—Taylor instability consider the thermal structure of
) F the layer in Fig. 3. The temperature profile is characterized
d1=-|-—1' tS) by two nearly isothermal regions separated by a sharp inter-

face(this structure was described in detail by Solomatov and
where T, is the internal temperature of the convective Moresi™®). The viscosity of the lower layer can be considered
boundary layer. approximately constant because the convective mixing in
this region maintains a nearly uniform temperature such that
1-T;~ 61 (Ref. 19. In our simulations;T;~0.908 (inde-
pendent of the Rayleigh numbeiThe effective viscosity of
the lower layer(the convective thermal boundary layes

T, T, T, T, 1= o eXp(— 6T;) The thickness of the lower layer ;.
1 . . | — The upper layer has the temperatiitg=0 and the viscosity
| I
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FIG. 3. The temperature profile of the layer. The bottom temperature is Time

T,=1. The surface temperatureTg=0. Temperature in convective region

is T, . The interface between the upper and lower layers is determined by aRIG. 5. An example of exponential fidashed lingto the growth of the
isothermT=T,_ . large-scale instabilitysolid line) (1x1 box, Rg=10%).
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o Which are approximately constant because of the uniform  Applying the analytical solution for Rayleigh—Taylor in-

initial conditions. The thickness of the upper layedis=1 stability of two compositionally distinct layers with different

—d;. viscositied! to the growth of large-scale instability, we ob-
Thus, the large-scale instability can approximately betain

modeled as a Rayleigh—Taylor instability in a system con-

sisting of two uniform layergFig. 4). The viscosity contrast w(t)=wye " tsd, 9

between the layers i¥=uq/u, the thickness ratio i®

=dy/d; and the(dimensional density difference between where t is the time when small-scale convection starts

the layers is\ p=apo(T,;— To). An important difference be- (when the two-layer structure described above forwg is

tween our case and Rayleigh—Taylor instability is that in thethe amplitude of the perturbation &ttg, o is the growth

latter case the density contrast between the layers is compgate of the instability,

sitional while in our case it is thermal and thus, can, in prin-

ciple, be eroded by thermal diffusion. However, after the _ RaVdoT -

onset of small-scale convection thermal diffusion is unimpor- 7~ B 7 (10

tant because it becomes much slower than both the growth of

the thermal boundary layer and the large-scale instability. and& is defined as follow$?

(S—K)(c—1)+V(s—k)(C—1)

- - — — -, (1)
(S—K)(s+k)+2V(Cc—1+Kk)+V3(S+K)(s—k)

-~ 1
o=~
k

where Eszdl, Rzzkdo, czcoshﬁ), Czcosh((), S It is interesting to note that in this regime the large-scale
Esinh((), SESinh(R)’ andk=2s/\ is the wave number. instability is controlled by the viscous stresses in the upper
The growth rate depends on three dimensionless parantayer and is not affected by the dynamics of the lower layer.
eters: the viscosity contrast, the thickness ratig, and the Figures 5 and 6 show a good agreement between the
nondimensional wave numbek. Canright and Morris’ theoretical predictions and the numerical simulations. They

analysi€' of the above equation shows that f6>1 andv ~ @lso show that in agreement with the theory, instead of a
>3 (which applies to our casethere is a plateau, Sharp peak, there is a broad plateau where the dependence on
(BIV)H2<k<B~1, where the growth rate of perturbations is (N Wave number is very weak.

almost independent of the wave number: )
C. Onset of plume formation

Bxﬁ, (12) Eventually the thickness of the convecting boundary
v layer reaches a critical value at which the large-scale insta-
Assuming thaty>1 so thatT;~1, we obtain bility becomes faster than the growth rate of the convecting
1 boundary layer and the system becomes unstable. This time
o~37Rg. (13 ; S ; i i
4 is defined as the onset timg,, of plume formation and is
calculated from the requirement that
o 2000 f *~— o 0.02
g
g o 001}
8 1000 1 g A — hb— —h — &
&b po
2z 2 0005 ¢ ;
B 500 | = ©
2 0002f *~e—e—o—*"°
250 1
= . 0.001 - -
10" 10° 10° 10" 10° 10°
Wavenumber Wavenumber

FIG. 6. Theoretical predictionsolid lineg versus numerical resultdashed FIG. 7. Theoretical predictionsolid lines versus numerical resultdashed
lines) for the instability growth rate as a function of wave number. Triangleslines) for the growth rate of large-scale instability. Triangles correspond to
correspond to Ra3x 10%; circles correspond to Ral0*. Ra=3x10% circles correspond to Ral0®.
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0.5 T T of the two-layer system consisting of the vigorously convect-
ing thermal boundary layer and a nearly isothermal layer
04 } | above it. Plumes form when the growth rate of the large-
scale instability of this two-layer system exceeds the growth
rate of the convective thermal boundary layer. In the future it
would be very interesting to investigate plume formation
caused by perturbations associated with small-scale convec-
: tion itself. This is a challenging problem which involves a
strong interaction between the two scales of convection.
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